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Abstract
This paper studies the optimal energy management
in a group of dwellings having micro fuel cell com-
bined heat and power systems. To increase the self-
sufficiency and resilience of such local community, a
peer-to-peer energy trading system between dwellings
is proposed in which output powers from fuel cells
working under their rated powers can be sold to those
already reach their rated outputs but still lack pow-
ers. The arising optimization problem from this opti-
mal peer-to-peer energy trading system is non-convex
due to the nonlinear dependence of power and heat
efficiencies on fuel cell output power. Therefore, a lin-
earization method is proposed to convexify the prob-
lem. Consequently, a distributed ADMM approach
is introduced to solve the convexified optimization
problem in parallel at each dwelling. A case study
for a group of six dwellings based on realistic electric
consumption data is then presented to demonstrate
the proposed approach performance and positive im-
pacts of the P2P energy trading system. More specif-
ically, the proposed distributed ADMM approach is
reasonably fast in convergence and is scalable well
with system size. In addition, P2P electricity trading
system helps operate fuel cells at a higher efficiency
and increase the self-sufficiency of such dwellings.
Keywords. Peer-to-Peer Energy Systems; Fuel
Cell; Combined Heat and Power; Decentralized Op-
timization; ADMM; Multi-Agent System
Nomenclature
P2P Peer to peer.
DES Dwelling electricity system.
DER Distributed energy resource.
ADMM Alternating direction method of
multipliers.
FC, SOFC Fuel cell, solid oxide fuel cell.
CHP Combined heat and power.
ηi,e, ηi,g2h Efficiency of FC electricity out-
put and fuel-to-hydrogen pro-
cessing at dwelling i.
ηi,hr Efficiency of FC heat recovery
at dwelling i.
ξe Conversion factor for electricity
[MJ/kWh].
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HTi,in Hot water charged to storage
tank at dwelling i [l].
Ti,ht, Ti,cn Water temperature from hot
tank and from city water net-
work at dwelling i [◦C].
t, ∆t, T Time step index, time step
length, and maximum time in
the considered period.
n Number of dwellings.
pg City gas price [Y/MJ].
qw Specific heat of water [MJ/l
◦C].
Ei,fc Natural gas energy consump-
tion by FC and backup boiler,
at dwelling i [MJ].
Pi,fc Power generated by FC at
dwelling i [kW].
Pmini,fc , P
max
i,fc Lower and upper bounds on
generated power of FC at
dwelling i [kW].
Pi,dem Electric demand of dwelling i
[kW].
Pi,grid Power bought from grid by
dwelling i [kW].
Pij , Pi,tr P2P traded electricity between
dwellings i and j, and total P2P
traded electricity of dwelling i
[kW].
Pmini,tr , P
max
i,tr Lower and upper bounds of to-
tal P2P traded electricity of
dwelling i [kW].
G, E , A, D, L P2P trading graph, its edge
set, its adjacency, degree, and
Laplacian matrices.
1 Introduction
The use of FC-CHP for co-generation systems in
residential and commercial buildings was shown to
be promising, where many advantages are obtained
[4, 12, 13], despite their relatively high system cost.
Those advantages include high overall (electricity and
thermal) system efficiency, low emissions of pollu-
tants, and potential decrease of electric bills. There-
fore, FC-CHP co-generation system is an attractive
type of DERs installed at dwellings for local genera-
tion and consumption. As such, dwellings are less de-
pendent on the bulk grid, especially when power out-
ages occur. Moreover, harmful effects to the grid volt-
age and frequency stability caused by reverse power
flows from renewable and DERs can be reduced.
To enhance local generation and consumption, new
energy trading mechanisms for renewable and DERs
have recently been extensively investigated. One of
the promising candidates is the so-called P2P energy
market [5,28,30,31] which offers remarkable features
in addition to what were mentioned above. First,
P2P trading platforms are usually decentralized and
localized systems, which are very suitable for inte-
grating DERs and give much more flexibility for pro-
sumers to handle their energy balance and benefit.
Second, energy losses are reduced in P2P systems be-
cause energy is exchanged within short distances. As
a result, investment cost is lower. Third, equipped
with distributed ledger technologies such as block-
chain, the security and privacy in P2P markets are
much better than that in the conventional bulk en-
ergy grids [31]. Next, P2P trading promotes new
businesses since different models and market scales
can be performed under P2P energy system concept,
e.g. federated plans [21], full P2P, community-based,
or their hybrid combination [20, 28]. In summary,
P2P systems will serve as an important block to
transform the current top-down, centralized energy
networks into bottom-up, decentralized ones. All of
these motivate us to propose a P2P electricity trading
system in the current research for local communities
having FC-CHP units.
A characteristic making P2P energy market differ-
ent from other energy markets is on the direct energy
trading between each prosumer/peer/agent with an-
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other communicated prosumer/peer/agent. Hence, a
constraint on power balance is enforced to each pair of
communicated peers, unlike the only one balance con-
straint for the total generated and consumed powers
of all producers and consumers in other markets. To
cope with these individual power balance constraints,
several different P2P trading schemes have been in-
troduced, e.g. game theory based [8–10,20,29,31], bi-
lateral contracts [6,18,23,26], multi-class energy man-
agement [22], continuous double auction [14], distri-
bution optimal power flow [14], supply-demand ratio
based pricing [17], mixed performance indexes [33],
Lyapunov optimization [16], etc.
The existing works on P2P energy systems usually
assume a successful energy transaction between any
pair of peers/agents at any time step, and often con-
sider fixed roles of buyers/sellers for all time steps or
do not restrict a peer to be a buyer or seller at a time
step. However, the former assumption is not always
held in realistic contexts, because some peer might
not agree with the energy price or energy amount to
be traded, and hence will not successfully trade. The
latter assumption is not suitable for time-varying be-
haviors of prosumers who can both sell or buy energy,
but act explicitly as a buyer or a seller at one time
step, based on their predicted energy demands and
limited or no storage capacity (to reduce investment
cost).
On the other hand, the optimal energy manage-
ment problem for multiple FC-CHP systems was in-
vestigated in several works, e.g. [2,3,27,32]. In those
studies, they assumed that hot water can be ex-
changed between nearby dwellings. However, several
issues arise from that assumption. First, an insu-
lated piping network together with a pumping and
controlling system must be constructed for such hot
water exchange, which can significantly increase sys-
tem cost. Second, FC output hot water tempera-
ture are usually less than 100◦C (e.g. 65◦C as in
[15]), which is lower when reaching another dwelling
through the piping network, and hence could reduce
its efficient use. Another critical assumption in the
studies [2,3,32] was that all FCs equally share the to-
tal energy demand from all dwellings. This is imprac-
tical because of: (i) different investment costs from
different FC manufacturers; (ii) dissimilar energy de-
mands between dwellings. Further, each dwelling
owner always wants to control and manage its sys-
tem in private, which does not allow such load sharing
scheme. Last, any energy lack or excess of FC-CHP
systems is bought from or sold to the bulk grid, which
causes problems to the grid as discussed above. En-
ergy management for grid-connected microgrids hav-
ing CHP and PV prosumers has also been investi-
gated using the Stackelberg game, e.g. [19]. Never-
theless, all the trading of prosumers were made with
the microgrid operator, not between themselves.
To overcome the aforementioned drawbacks, this
paper proposes an optimal gas-electricity manage-
ment approach for FC-CHP-equipped dwellings par-
ticipating in a P2P electricity trading system.
Dwellings aim to minimize their energy costs from
gas usage and from possible P2P electricity trading,
where each of them behaves as a buyer or seller at
one time step, but not both, and its role is changed
depending on its predicted electric demand at the
next time step. This results in a dynamic optimiza-
tion problem with time-varying structure. Hence,
it cannot be solved for all time steps at once like
that for non-P2P market in [27], but at each time
step. Moreover, this mathematical programming is
non-convex due to the nonlinearity of the FC power
efficiency curve. Our first contribution is then to ex-
plicitly take into account the time-varying feature of
P2P energy trading markets for real-time optimal en-
ergy management. Next, our second contribution is
to propose a convexification method by linearizing
the FC power efficiency curve, under which the op-
timal energy management problem can be more effi-
ciently solved with much lower computational efforts
and costs. Our last contribution is a distributed and
parallel method to solve the convexified problem by
each dwelling, based on the ADMM, which converges
reasonably fast in tens of iterations.
The rest of this paper is organized as follows.
Section 2 introduces the energy system model of
dwellings used in this research. Then a novel energy
management strategy including a P2P energy trad-
ing mechanism will be presented in Section 3. Next,
a case study are given in Section 4 to illustrate the
performance and benefits of our proposed approach.
Finally, conclusions are provided in Section 5.
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Figure 1: Illustration for the proposed P2P electricity trading system for multiple dwellings equipped with
FC-CHP units.
2 System Model
The overall system configuration of dwellings with
FC-CHP units is shown in Figure 1. Details on the
mathematical models of system components are pre-
sented below.
2.1 Fuel Cell
This research studies a SOFC system using gas
(whether natural gas or liquefied petroleum gas) as
the input fuel. The gas energy consumed by the FC
at dwelling i is computed by
Ei,fc(t) =
Pi,fc(t)∆tξe
ηi,e(t)ηi,g2h
(1)
Hence, the cost of gas usage at dwelling i is
Ci,g(t) = pg(t)Ei,fc(t) = pg(t)
Pi,fc(t)∆tξe
ηi,e(t)ηi,g2h
(2)
SOFC-CHP system is the main source of power gener-
ation for dwellings, which continuously runs through-
out the day [25]. The exhausted heat from the FC
is employed to heat water from city water network,
which is then charged to a hot water storage tank.
Hot water from this storage tank is utilized for ful-
filling the dwelling hot water demand including air
conditioner, floor heating, kitchen, bath, washing ma-
chine, toilet, etc. Any lack of hot water is compen-
sated by a backup boiler inside the FC-CHP system
(see Fig. 1). The hot water amount charged to the
storage tank is computed by
HTi,in(t) =
Ei,fc(t)ηi,hr(t)
qw(Ti,ht − Ti,cn)
= ζi
ηi,hr(t)
ηi,e(t)
Pi,fc(t)
(3)
where ζi ,
∆tξe
qw(Ti,ht−Ti,cn)ηi,g2h
is a positive constant.
Because of the nonlinear dependence of the power and
heat efficiencies ηi,e(t) and ηi,hr(t) to the FC output
power Pi,fc(t), HTi,in(t) is also a nonlinear function
of Pi,fc(t). Nevertheless, in the following we show
that HTi,in(t) can be well approximated by a linear
function of Pi,fc(t).
For a variety of FCs, the power and heat efficiencies
ηi,e(t) and ηi,hr(t) have the exponential forms [2, 27,
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32] described as follows.
ηi,e(t) = ai,e − bi,ee
−ki,e
Pi,fc(t)
Pmax
i,fc ,
ai,e = bi,e + η
0
i,e, bi,e =
ηmaxi,e − η
0
i,e
1− e−ki,e
ηi,hr(t) = ai,hr − bi,hre
−ki,hr
Pi,fc(t)
Pmax
i,fc ,
ai,hr = bi,hr + η
0
i,hr, bi,hr =
ηmaxi,hr − η
0
i,hr
1− e−ki,hr
(4)
where Pmaxi,fc is the maximum rated out-
put power of the FC in dwelling i; and
ki,e, η
0
i,e, η
max
i,e , ki,hr, η
0
i,hr, η
max
i,hr are constant pa-
rameters. To linearize HTi,in(t), we approximate
ηi,hr(t)
ηi,e(t)
Pi,fc(t) ≈ αi,wtPi,fc(t) + βi,wt (5)
where αi,wt and βi,wt are constants. As an exam-
ple, using the data of a SOFC provided in [27], the
linear approximation above, conducted in MATLAB,
gives us αi,wt = 0.9439, βi,wt = 0.006502, with 95%
confidence bounds, which is depicted in Figure 2.
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Figure 2: Linear approximation of hot water amount
charged to storage tank.
As seen in Figure 2, this linear approximation is
very close to the original nonlinear curve. Therefore,
the hot water amount charged to the storage tank is
mostly linearly proportional to the FC output power.
This obviously will reduce significantly the complex-
ity of the FC-CHP optimal energy management prob-
lem when the hot water trading [2, 3, 27] is consid-
ered, because the optimization problem is convexified
and no efficiency matching algorithm is needed, un-
like that in [27]. This point is further elaborated in
Section 3.1, where the nonlinear term
Pi,fc(t)
ηi,e(t)
in the
gas usage cost is also shown to be reasonably esti-
mated as a linear function of the FC output power
Pi,fc(t).
Remark 1 The linearization method shown in (5)
is general and applicable to other FCs. One
may also use a piecewise linear approximation for
ηi,hr(t)
ηi,e(t)
Pi,fc(t), nevertheless how many linear seg-
ments to be used would be case-sensitive. In addition,
the FC output power Pi,fc(t) needs to be measured to
know which linear segment should be utilized, hence
making the problem more complicated. Thus, in this
research, we prefer the linearization of
ηi,hr(t)
ηi,e(t)
Pi,fc(t)
to the piecewise linear approximation.
Similar remark applies for the linearization of the
FC gas energy consumption shown later in Section
3.1.
Having the linear approximation of hot water storage
– FC output power relation, we can estimate quite
precisely the storage tank level at each time step
t. Accordingly, a smart FC-CHP controller, which
memorizes electricity and water consumptions in pre-
vious days, will notify dwellings’ owners once the hot
water storage tanks are near their limits through in-
dwelling monitors or applications in smart phones,
tablets, etc., to release hot water in advance of users’
desire, e.g. for bath tub, washing machines, etc. Such
actions can also be automatically executed by the
controller through pre-programmed functions. Thus,
in this study we do not consider hot water in the FC-
CHP optimal energy management, instead we focus
on gas-electricity management with electricity trad-
ing between FC-CHP equipped dwellings.
2.2 P2P Electricity Trading
Considering the P2P energy trading between n
dwellings/peers during the time interval [1,T]. De-
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note Pij(t) the energy to be traded at time step t
between the i-th and j-th peers, where Pij(t) > 0
means peer i buys electricity from peer j, and vice
versa, Pij(t) < 0 means peer i sells electricity to peer
j. To simplify the trading of dwellings/peers, it is
assumed that at each time step one dwelling/peer
only buys or sells energy, but not to do both. For
each dwelling/peer i, denote Ni its neighboring set,
i.e. the set of other peers it is communicated for
energy trading. Denote G the inter-peer communi-
cation graph. Due to the bilateral trading between
peers, G is undirected. Next, let aij be elements of
the adjacency matrix A, i.e. aij = 1 if peers i and
j are connected, and aij = 0 otherwise. The degree
matrix D is defined by D = diag{di}i=1,...,n, where
di ,
∑
j∈Ni
aij . Then the Laplacian matrix L asso-
ciated to G is defined by L = D −A.
Let ni , |Ni|, Pi ∈ Rni be the vector of all Pij with
j ∈ Ni, Pi,tr(t) be dwelling i’s total traded power.
Then Pi,tr(t) = 1
T
ni
Pi(t). Next, denote Ci(Pi,tr(t))
the total cost of dwelling/peer i for trading in the
P2P market, which composes of the following two
components. The first component is the utility func-
tion,
Ci,1(Pi(t)) = ai(t)P
2
i,tr(t) + b˜i(t)Pi,tr(t) + ci(t) (6)
The parameters ai(t), b˜i(t), ci(t) are only known for
peer i, which are presented here as time-dependent
parameters to reflect the time-varying and complex
behaviors of dwellings/peers. The second element is
the implementation cost for the traded powers to be
physically executed through the power network,
Ci,2(Pi(t)) = γPi,tr(t) (7)
where γ > 0 is a fixed rate. Thus, summing up (6)
and (7) gives us the following total cost of each peer
in the P2P market
Ci(Pi(t)) = ai(t)P
2
i,tr(t) + bˆi(t)Pi,tr(t) + ci(t) (8)
where bˆi(t) , b˜i(t) + γ.
Remark 2 In the considering system, the hot wa-
ter storage tank in fact is a thermal storage device
which stores hot water output from the FC for later
use. On the other hand, we do not consider electric
storage devices, e.g. battery, due to the existence of
the P2P electricity trading market between dwellings.
Any lack or redundancy of electricity of any dwelling
will be compensated through such P2P electricity trad-
ing market, or the grid. Therefore, electric storage
devices are not needed to avoid increased investment
cost for dwelling owners.
2.3 System Constraints
The first constraint is the power balance
Pi,fc(t)+Pi,tr(t)+Pi,grid(t) = Pi,dem(t) ∀ t = 1, . . . ,T
(9)
The priority for compensating any lack of demand is
from the P2P energy market. Grid power is bought
only when powers from neighboring dwellings are not
enough.
Next, the electricity generated by a FC is bounded
by
Pmini,fc (t) ≤ Pi,fc(t) ≤ P
max
i,fc ∀ t = 1, . . . ,T; i = 1, . . . , n
(10)
Since FC is the main power source for dwellings, it is
expected that the FC output power is enough for a
dwelling power demand, i.e.,
Pmini,fc (t) ≥ Pi,dem(t) (11)
However, this is not always true, because there is a
possibility that a dwelling power demand could be
greater than the FC maximum rated output power,
i.e., Pi,dem(t) ≥ Pmaxi,fc . In this case, we have
Pmini,fc (t) = P
max
i,fc (12)
The combination of (11) and (12) therefore gives us
Pmini,fc (t) , min{Pi,dem(t), P
max
i,fc } (13)
Lastly, the constraints on the maximum and mini-
mum P2P electricity trading are determined by
Pmini,tr (t) ≤ Pi,tr(t) ≤ P
max
i,tr (t) ∀ t = 1, . . . ,T (14)
where
Pmini,tr (t) , min{0, Pi,dem(t)− P
max
i,fc },
Pmaxi,tr (t) , max{0, Pi,dem(t)− P
max
i,fc } (15)
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2.4 Overall Optimization Problem
Dwellings adjust the functionality of their FCs to
minimize their total energy costs during the consid-
ered time period [1,T], subject to the specified con-
straints, which results in the following optimization
problem.
min
T∑
t=1
n∑
i=1
Ci,g(t) + Ci(Pi(t)) (16a)
s.t. (10), (14) (16b)
It is worth emphasizing again that electric demand in
each dwelling is time-varying and inconsistent from
one day to another. Moreover, electric demand pre-
diction is often inexact. Therefore, solving (16) for
the whole time period [1,T] at once is not a good
choice in practice for intra-day energy management.
Instead, it is better to solve(16) at each time step
t so that the FC-CHPs in dwellings can be sched-
uled properly to the variation of electric demands.
As such, the cooperative energy management prob-
lem (16) should be solved one-time-step ahead. This
means in the optimization problem to be solved for
the next time step t, the values of all variables and
costs up to the current time steps are known. There-
fore, we only need to find the variables and costs at
time step t, as shown in (17).
min
n∑
i=1
Ci,g(t) + Ci(Pi,tr(t)) (17a)
s.t. Pmini,fc (t) ≤ Pi,fc(t) ≤ P
max
i,fc (17b)
Pmini,tr ≤ Pi,tr(t) ≤ P
max
i,tr (17c)
Pij(t) + Pji(t) = 0 ∀ j ∈ Ni, i, j = 1, . . . , n
(17d)
where Pmini,fc (t), P
min
i,tr , and P
max
i,tr are specified in (13)
and (15).
Note that (17) is a non-convex problem due to the
nonlinearity of the FC power efficiency ηi,e(t) which
causes the non-convexity of the cost function Ci,g(t)
in (2). Therefore, in this research we propose an ap-
proximation of Ci,g(t) as a linear function of Pi,fc(t),
hence (17) becomes convex.
3 The Proposed Energy Man-
agement Approach
3.1 Convexification of FC-CHP Opti-
mal EnergyManagement Problem
As aforementioned, we aim at linearizing Ci,g(t) to
make (17) a convex problem. To do so,
Pi,fc(t)
ηi,e(t)
is
linearized as follows,
Pi,fc(t)
ηi,e(t)
≈ αi,fcPi,fc(t) + βi,fc (18)
where αi,fc and βi,fc are constants. Therefore, the
FC-CHP gas energy consumption is approximated by
Ei,fc(t) ≈ (αi,fcPi,fc(t) + βi,fc)
∆tξe
ηi,g2h
(19)
As an example, using the data of a SOFC provided
in [27], we first obtain the nonlinear curve for the
ratio
Pi,fc(t)
ηi,e
as shown by the solid black line in Figure
3. Next, a linear fit conducted in MATLAB gives
us the linear approximation depicted by the dash-
dot blue line in Figure 3, where αi,fc = 2.042 and
βi,fc = 0.06323, with 95% confidence bounds.
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0
0.2
0.4
0.6
0.8
1
1.2
1.4
1.6
original
linear fit
Figure 3: Linear approximation of the nonlinearity
in FC gas energy consumption.
Note that the P2P trading between dwellings
pushes their FCs to produce higher output powers so
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that they have powers to trade with the others, hence
increases the FC power and heat efficiencies. Also,
our proposed linear approximation is more accurate
when the FC output power is higher (see Figures 2–
3), therefore it is suitable and reasonable for the sys-
tem we are considering. Further, this approximation
allows us to obtain a convexified problem without
any efficiency matching algorithm (e.g. that in [27]),
hence the complexity as well as the running time are
much lower.
The convexified optimal energy management prob-
lem is described below, where the constant terms are
removed from the objective function.
min
n∑
i=1
αi,fc∆tξe
ηi,g2h
Pi,fc + aiP
2
i,tr + bˆiPi,tr (20a)
s.t. Pmini,fc ≤ Pi,fc ≤ P
max
i,fc (20b)
Pmini,tr ≤ Pi,tr ≤ P
max
i,tr (20c)
Pij + Pji = 0 ∀ j ∈ Ni, i, j = 1, . . . , n (20d)
We proceed by further elaborating on the optimiza-
tion problem (20) with two scenarios of dwelling de-
mand. First, if Pi,dem ≥ Pmaxi,fc , then the constraint
(20b) implies that Pi,fc = P
max
i,fc , due to (15), hence
the first term on gas consumption cost in (20a) is con-
stant. As a result, the local optimization problem at
dwelling i becomes a problem for only variables Pij ,
i.e., for only P2P energy trading, as follows, where
(15) is explicitly employed.
min aiP
2
i,tr + bˆiPi,tr (21a)
s.t. 0 ≤ Pi,tr ≤ Pi,dem − P
max
i,fc (21b)
Pij + Pji = 0 ∀ j ∈ Ni, i, j = 1, . . . , n (21c)
Second, if Pi,dem < P
max
i,fc , then dwelling i becomes a
potential seller in the P2P energy market with Pi,tr =
Pi,dem − Pi,fc. Then the local optimization problem
at dwelling i again is an optimization problem of only
variables Pij as in the following, where Pi,fc in (20)
is substituted by Pi,dem −Pi,tr, and (15) is explicitly
utilized.
min aiP
2
i,tr +
(
bˆi −
αi,fc∆tξe
ηi,g2h
)
Pi,tr (22a)
s.t. Pi,dem(t)− P
max
i,fc ≤ Pi,tr ≤ 0 (22b)
Pij + Pji = 0 ∀ j ∈ Ni, i, j = 1, . . . , n (22c)
Thus, our considering optimal energy management
for a group of dwellings equipped with FC-CHPs is in
fact reduced to an optimal P2P energy trading which
is a quadratic convex problem having the following
form.
min
n∑
i=1
aiP
2
i,tr + biPi,tr (23a)
s.t. Pmini,tr ≤ Pi,tr ≤ P
max
i,tr (23b)
Pij + Pji = 0 ∀ j ∈ Ni, i, j = 1, . . . , n (23c)
where bi, P
min
i,tr , and P
max
i,tr are determined in (21) or
(22). A distributed P2P energy trading mechanism
will be proposed in the next section to solve (23).
3.2 Distributed P2P Mechanism
In the following, a distributed and parallel ADMM
approach is proposed to solve the mathematical pro-
gramming (23). The advantage of this approach is
that it allows each peer/agent to solve its own local
optimization problem while negotiating with other
peers/agents to eventually reach the solution of the
global optimization problem (23). Thus, the com-
munication and computation burden at a centralized
entity is avoided, and the privacy of each peer/agent
can be guaranteed.
Denote m ,
∑n
i=1 ni and P ∈ R
m the vector of
all Pi, i = 1, . . . , n. Then let us define the sets of
coupling and local constraints as in (24) and (25),
respectively.
Ωg , {P ∈ R
m : Pij(t) + Pji(t) = 0 ∀ j ∈ Ni} (24)
Ωℓ ,
{
P ∈ Rm : Pmini,tr ≤ 1
T
ni
Pi ≤ P
max
i,tr
}
(25)
For those sets, the following indicator functions are
defined.
Ig(P ) ,
{
0 : P ∈ Ωg
+∞ : P /∈ Ωg
, Iℓ(P ) ,
{
0 : P ∈ Ωℓ
+∞ : P /∈ Ωℓ
(26)
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Now, by utilizing a new variable X ∈ Rm, the opti-
mization problem (17) is rewritten such that equality
and inequality constraints are separated into different
sets corresponding to different variables P and X , as
follows.
min
n∑
i=1
Ci(Pi) + Ig(P ) + Iℓ(X) (27a)
s.t. P −X = 0 (27b)
P ∈ Ωg, X ∈ Ωℓ (27c)
Obviously, (27) is in the standard form of the ADMM
method [7], which solves (27) iteratively. Neverthe-
less, the classical ADMM method in [7] is centralized
and the updates of variables are in order. Therefore,
in this research, we propose a novel ADMM approach
that solves (27) in a fully distributed manner, and
variables are updated in parallel. Define the follow-
ing augmented Lagrangian,
Lρ(P,X, u) =
n∑
i=1
Ci(Pi) + Ig(P ) + Iℓ(X) +
ρ
2
‖P −X + u‖22,
where ρ > 0 is a scalar penalty parameter and u ∈
R
m is called the scaled Lagrange (dual) multiplier
[7]. Next, the variables P,X, u are computed at each
algorithm iteration k+1 by solving the following sub-
problems,
Xk+1 , argmin
X∈Ωℓ
[
Lρ(P
k, X, uk)
+
1
2
(X −Xk)TΨ(X −Xk)
]
P k+1 , argmin
P∈Ωg
[
Lρ(P,X
k, uk)
+
1
2
(P − P k)TΦ(P − P k)
]
uk+1 , uk − κρ(P k −Xk) (28)
in which Φ,Ψ, κ > 0 satisfy
Φ ≻ ρ(
1
µ1
− 1)I, Ψ ≻ ρ(
1
µ2
− 1)I, µ1 + µ2 < 2− κ
(29)
for some µ1 > 0, µ2 > 0. Condition (29) was proved
to be sufficient for the convergence of the above vari-
ables update [11]. Note that the selection of Φ,Ψ, κ
to fulfill (29) is not unique. One simple way is to let
Φ = φI, Ψ = ψI such that
φ > ρ(
1
µ1
−1), ψ > ρ(
1
µ2
−1), µ1+µ2 < 2−κ (30)
Unlike the ordered updates in the classical central-
ized ADMM [7] and the existing distributed ADMM
methods (e.g. [24]), each variable in (28) at each iter-
ation is completely independent of the other two vari-
ables at the same iteration. Therefore, problem vari-
ables are computed in parallel at every agent. More-
over, our proposed ADMM approach advances that
in [11], which also updates variables in parallel, by al-
lowing sparse connection between peers/agents, while
that in [11] requires all-to-all inter-agent connection.
The updates of variables P and X in (28) are ex-
plicitly presented in the next sections.
3.3 The Update for Variable X
The update for Xk+1 in (28) is derived by solving the
following optimization problem.
min
ρ
2
‖P k −X + uk‖22 +
ψ
2
‖X −Xk‖22 (31a)
s.t. Pmini,tr ≤ 1
T
ni
Xi ≤ P
max
i,tr ∀ i = 1, . . . , n (31b)
Note that there is one more constraint on the posi-
tiveness or negativeness of each Xi, i = 1, . . . , n, de-
pending on whether the i-th peer/agent at the next
time slot will perform as a buyer or seller. In any
case, (31) is a quadratic convex problem and is de-
compsable to each peer/agent, i.e. it is fully decen-
tralized, hence it can be easily solved by any off-
the-self software embedded in each peer/agent, e.g.,
CVX [1].
3.4 The Update for Variable P
To obtain the update for P k+1 in (28), we need to
solve the following mathematical programming.
min
n∑
i=1
Ci(Pi) +
ρ
2
‖P −Xk + uk‖22 +
φ
2
‖P − P k‖22
(32a)
s.t. Pij + Pji = 0 ∀ i = 1, . . . , n; j ∈ Ni (32b)
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Denote λij > 0 the Lagrange multiplier associated
with the constraint (32b), and λi ∈ Rni the vector of
all λij with j ∈ Ni. Since (32) is a convex optimiza-
tion problem with quadratic cost function and linear
equality, the strong duality holds and KKT condi-
tions apply. Therefore, we obtain from (32) that
λ
k+1
ij =
∂
∂Pij
(
n∑
i=1
Ci(Pi) +
ρ
2
‖P −Xk + uk‖22
+
φ
2
‖P − P k‖22
)∣∣∣∣
Pij=P
k+1
ij
= 2aiP
k+1
i,tr + (ρ+ φ)P
k+1
ij + v
k
ij (33)
where vkij , bi + dij + ρ(−X
k
ij + u
k
ij) − φP
k
ij . Next,
due to the bilateral trading constraint (32b), the La-
grange multipliers and the traded powers must satisfy
the following constraints.
λk+1ij = λ
k+1
ji , P
k+1
ij = −P
k+1
ji ∀ j ∈ Ni (34)
Here, λk+1ij is considered to be the trading price be-
tween the i-th and j-th peers. Interestingly, equation
(33) reveals the relation between individually traded
price between a pair of peers/agents with its associ-
ated traded power and the total available powers of
those peers/agents.
Let us denote
Γ , (ρ+ φ)diag{
1
ai
}i=1,...,n, P˜
k+1
i,tr , 2aiP
k+1
i,tr ,
vˆk+1i ,
∑
j∈Ni
vk+1ji , vˆ
k+1 ,
[
vˆk+11 , · · · , vˆ
k+1
n
]T
,
v˜k+1i ,
∑
j∈Ni
vk+1ij , v˜
k+1 ,
[
v˜k+11 , · · · , v˜
k+1
n
]T
Utilizing (34) and (33), we can easily obtain
P k+1ij =
vk+1ji + P˜
k+1
j,tr − v
k+1
ij − P˜
k+1
i,tr
2(ρ+ φ)
(35a)
λk+1ij =
vk+1ji + P˜
k+1
j,tr + v
k+1
ij + P˜
k+1
i,tr
2
(35b)
The convergence of the proposed ADMM algorithm
follows that provided in [11], hence we omit the proof
here for brevity. Next, substituting the optimal solu-
tions to (33) leads to λ∗ij = 2aiP
∗
i,tr + bi + dij + ρu
∗
ij .
Then summing up (35a) for all j ∈ Ni leads to
P
k+1
i,tr =
∑
j∈Ni
v
k+1
ji +
∑
j∈Ni
P˜
k+1
j,tr −
∑
j∈Ni
v
k+1
ij − niP˜
k+1
i,tr
2(ρ+ φ)
which is equivalent to
2(ρ+ φ+ niai)P
k+1
i,tr −
∑
j∈Ni
2ajP
k+1
j,tr =
∑
j∈Ni
vk+1ji −
∑
j∈Ni
vk+1ij
(36)
Stacking (36) with i = 1, . . . , n results in
(L+ Γ)P˜ k+1tr = vˆ
k+1 − v˜k+1 (37)
Equations (37), (35a), and (35b) give us the updates
for variables P k+1ij and the P2P energy prices λ
k+1
ij .
4 Case Studies
In this section, we consider a group of 6 houses, each
house is equipped with one SOFC-CHP working in
the range [50W, 700W], and the gas-to-hydrogen pro-
cessing efficiency ηi,g2h = 95%. One-day electric
consumption data of these 6 houses with half-hour
resolution are adapted from a Toyota project. Due
to distinct consumption patterns of different houses
(see Figure 4), P2P electricity trading between them
is obviously possible. Additionally, the role of each
house as a buyer or seller is time-varying, which may
change from one time step to another, depending on
its predicted electricity demand at the next time step.
More specifically, if the predicted power demand of
a dwelling is greater than 700W, then it will be a
buyer. On the other hand, if the predicted power
demand of a dwelling is smaller than 700W, then it
will be a seller. As such, the interconnection struc-
ture in the P2P energy market is also time-varying
(see Table 1). This interesting characteristic of P2P
energy markets is very different from conventional
energy markets where suppliers and consumers are
fixed, and hence is worth investigating.
Similarly to rooftop solar power generation, FC-
CHPs should be subsidized to increase their deploy-
ment for reducing carbon emission. Suppose that
the subsidized unit gas cost to produce 1kWh at the
10
Table 1: Time-varying structure of P2P electricity trading between 6 houses.
Time steps 2, 16, 32, 33, 36, 37, 38, 47 6, 27, 28 7 8
Sellers 2, 3, 4, 5, 6 1, 2, 4, 5, 6 1, 4, 5, 6 1, 2, 5
Buyers 1 3 2, 3 3, 4, 6
Time steps 9, 10 11 12 13
Sellers 1, 2, 4, 5 1, 2 2 2, 3, 5
Buyers 3, 6 3, 4, 5, 6 1, 3, 4, 5, 6 1, 4, 6
Time steps 14, 15 17 18, 19, 20, 21 29
Sellers 2, 3 2, 3, 5, 6 1, 2, 3, 5, 6 2, 4, 5, 6
Buyers 1, 4, 5, 6 1, 4 4 1, 3
Time steps 42, 43 44 45 46
Sellers 1, 3, 4, 5, 6 1, 3, 4, 6 1, 2, 3, 4, 6 2, 3, 4, 6
Buyers 2 2, 5 5 1, 5
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Figure 4: Electric consumption patterns of 6 houses.
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Figure 5: Power trading of house 1 (left) and house 2
(right) by the proposed distributed P2P mechanism.
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FC minimum and maximum power efficiency is 11.89
JPY and 20.31 JPY. Note that the electricity rate for
households from the grid in Japan in in ladder-form
starting around 20 JPY/kWh. Thus, dwellings can
set their utility function parameters ai and bi such
that the optimal P2P energy price is between those
unit gas and electricity prices. How to select ai and
bi is out of scope of this paper and will be presented
in another work.
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Figure 6: Power trading of house 5 by the proposed
distributed P2P mechanism.
Next, employing our proposed optimal energy
management strategy with P2P energy trading, the
simulation results for time slot 8 are shown in Fig-
ures 5–6, which requires highest number of iterations
to converge. At this time slot, houses 1, 2, and 5 are
potential sellers (c.f. Table 1) with capacities 492W,
14W, and 168W, respectively, and house 3, 4, and 6
are buyers (c.f. Table 1) with 254W, 68W, and 30W
over their rated FC powers, respectively.
As observed from Figures 5–6, energy is success-
fully traded between each of houses 1, 2 and the
three buying houses, but house 5 only sells energy to
house 3 and house 4. The optimal energy price is 17.8
JPY/kWh. The total sold power of houses 1, 2, and 5
are 235W, 14W, and 103W, respectively, whereas the
total bought power of houses 3, 4, and 6 are 254W,
68W, and 30W, respectively. Thus, through the P2P
energy market, houses 3, 4, and 6 can buy enough
powers they need from houses 1, 2, and 5, and no
power from the grid is needed.
Computational times in this scenario, conducted
on a computer having Intel Core i7-6700KCPU 4GHz
and 64GB RAM, without counting communication
times between the central unit and peers/agents (in
centralized method), or between peers/agents (in dis-
tributed method), are as follows.
• Centralized ADMM method, i.e., by solving (23)
at a central unit: 13.42 s.
• Distributed ADMM approach with ordered up-
date of variables in [24]: 11.08 s for each
peer/agent.
• Distributed ADMM approach with parallel up-
date of variables proposed in the current work:
10.67 s for each peer/agent.
These results clearly show the advantage of our pro-
posed approach on saving computational effort, espe-
cially when the number of peers/agents is high.
Note that the trading above occurs at time slot 8,
i.e. at 3:30 am, hence this P2P energy trading can
be made autonomously in the home energy manage-
ment system without human intervention at any time
during the day. Therefore, simulation results can be
obtained at other time slots similarly, and due to the
space limitation, we do not display all of their de-
tails here. Instead, we solve 31 optimization prob-
lems associated to 31 time steps with different P2P
structures, at which electric demand of one or several
houses exceeds the FC rated power, as shown in Ta-
ble 1. Then the electricity supplies from the dwelling
FCs and from the grid are depicted in Figure 7 and
Figure 8, when a P2P electricity market exists and
does not exist, respectively, which reveal significant
differences.
When there is no P2P electricity market between
dwellings, Figure 7 shows that several dwellings need
to buy much power from the grid, whereas the other
dwelling FCs work at low outputs, e.g. at time steps
7–11, 42–47. On the other hand, in presence of a P2P
electricity market between dwellings, it can be clearly
seen from Figure 8 that very few power amounts are
bought from the grid by the dwellings. For most of
the time steps, the electricity demand of dwellings
can be fulfilled by their own FCs or by buying from
12
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Figure 7: Electricity supplies for 6 houses if no P2P
electricity market exists.
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Figure 8: Electricity supplies for 6 houses if there is
a P2P electricity market.
other dwelling FCs through the P2P electricity mar-
ket. Only at the time step 12, grid power is bought
by dwellings 6 and 5, because the total selling power
from the FCs in dwellings 1–4 are not enough.
Further, when a P2P electricity market exists, FC
units work at as high output power as possible in
order to have power for selling, as seen in Figure
8. Thus, the linearization of FC hot water output
and FC gas energy consumption presented in Sec-
tion 2.1 and Section 3.1 are reasonable. In addition,
P2P electricity market facilitates the deployment of
DERs including FC-CHP and local energy consump-
tion, hence reduces problems caused by reverse power
flows to the bulk grid as well as decreases the power
withdrawn from the bulk grid, especially during peak
periods.
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Figure 9: Illustration for the scalability of the pro-
posed approach.
Lastly, to investigate how well the proposed ap-
proach works as the number of dwelling rises, the con-
sidered dwellings are duplicated to increase system
size. Computational time for each peer/agent ver-
sus system size are then provided in Figure 9, which
confirm the scalability of the proposed approach.
5 Conclusion
This paper proposes a novel approach for optimal en-
ergy management in a local group of residential de-
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mand units equipped with FC-CHP systems and a
P2P energy trading platform. By employing a lin-
earization method for the FC hot water output and
the FC gas energy consumption, the non-convex non-
linear optimization problem arising from such opti-
mal energy management is convexified, hence much
computational time and effort can be saved. Then an
ADMM-based distributed and parallel method is pro-
posed to solve the convexified optimization problem
at each house. A case study using one-day realistic
electricity demand from six houses with 30-minute
sampling illustrates the effectiveness of the proposed
approach on solving the optimal P2P energy trading
problem and its positive impacts on the FCs oper-
ation and houses’ electricity demands. The reason-
ably fast convergence and scalability of the proposed
ADMM approach are also demonstrated.
In the future research, other DERs such as rooftop
solar with on-site battery storage, heat pump water
heater, or electric vehicles, will also be investigated to
take into account the diversification of self-generation
and self-consumption systems at local communities.
Additionally, local heat demand in each dwelling will
also be studied together with the P2P electricity trad-
ing to explicitly account for other heat consumption
rather than hot water.
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